Abstract
Introduction
Reconstructing surfaces in 3-space from twodimensional images is a central problem in computer vision and photogrammetry. Many applications require surface reconstruction. For example, reverse engineering of CAD models from existing objects, virtual and augmented reality, and computer animation.
The theory of 3D structure reconstruction is now well developed for discrete points with known correspondences and camera calibration parameters. However, most applications require a surface representation, particularly in the case where only sparse 3D points are available. Several special cases have been considered. Cross and Zisserman [2] constructs quadric surfaces. Commercial software, for instances, PhotoModeler and ShapeCapture, which are based on photogrammetry techniques [17] , construct conic surfaces and spheres. For any non-standard surface types, piecewise linear surfaces are used. This means a large number of polygons are needed to approximate a smooth surface well.
Cipolla and Giblin [1] and Zhao and Mohr [22] studied surface reconstruction using profiles (apparent contours). The usual set up is to put the object to be constructed on a turntable and use a fixed camera to take a series of images. The advantage of this method is that it can deal with general smooth surfaces with no textures. The drawback is that certain concave part of the surface cannot be recovered.
Sullivan and Ponce [18] fit triangular B-splines to a crude polyhedral model obtained from silhouette based reconstruction methods. The problem of this method is that many surface patches have to be used to approximate a complex surface.
Sinha and Schunck [16] treats the stereo data fitting problem as a large scale optimization problem. Without solving the parameterization problem, the algorithm is inefficient and can fail to converge.
Non-analytical models were also used for representing stereo data. Fua [5] proposed to use particle system to approximate stereo data. Fua and LeClerc [6] and Zhang and Seitz [20] deform a mesh model to fit stereo data. The advantage of these methods is that they work with uncalibrated images. They both solve a nonlinear optimization problem. When the number of points to fit is large, the algorithm is slow and there is no guarantee of convergence.
In this work we investigate the reconstruction of general free-form surfaces. By free-form, we mean surfaces that cannot be represented by a single simple algebraic function. Examples of free-form surfaces abound in the physical world, both natural and man-made objects; for examples human and animal bodies, sculptures, and shapes of automobiles and airplanes.
We consider the situation where users take a small number of images from arbitrary positions. Then a number of feature points in the images are identified and matched across the images by either user assisted or automatic track-ing methods. Finally, a 3D surface representation is constructed and texture mapped. Figure 1 illustrates this process. Our objective here is to enhance the current model building tools to handle more general surface types.
In section 2 we discuss reconstruction of discrete points using a projective geometry formulation. In section 3 we develop a method for fitting B-spline surfaces on the reconstructed 3D points. In particular, we show that the images and corresponding image points can be used for computing parameters in the fitting process. In section 6 we discuss texture mapping techniques for smooth B-spline surfaces. We demonstrate the improvements in the quality of texture mapping resulting from the B-spline surface fitting. Finally, concluding remarks are given in section 7.
3D point reconstruction

Let
½ be the homogeneous coordinate of a point in the 3D world and Ü Ù Ú ½ be the homogeneous coordinate of the corresponding image point. Under the assumption of a pinhole camera model, the relationship between and its projection on the image plane is Ü Ã Ê Ø (1) where is an non-zero scale factor, Ê is a rotation matrix, and Ø is a translation vector. The ¿ ¢ ¿ matrix Ã contains camera intrinsic parameters
where is the focal length, « is the aspect ratio, × is the skew factor, and´Ù ¼ Ú ¼ µ is the position of the principal point on the image plane. Equation 1 is often written in a compact form Ü È , where È Ã Ê Ø is a ¿ ¢ perspective projection matrix, also known as camera matrix.
For two views, any two points Ü È ½ and Ü ¼ È ¾ in the two images corresponding to a 3D point satisfy the bilinear (epipolar) constraint
where is the ¿ ¢ ¿ fundamental matrix. This matrix can be computed with 8 or more corresponding points [7] .
For two images of a planar object, the corresponding points in the two images are related by a linear form, called homography:
where À is a ¿ ¢ ¿ matrix. A homography matrix can be estimated using 4 or more corresponding points [8] .
From equation 1 we can see that the projection of a 3D point to an image point depends on the camera intrinsic parameters in Ã and the position and orientation, Ê and Ø, of the camera, called extrinsic parameters. Once these parameters are determined, the camera and its images are called calibrated.
A point in a calibrated image back projects to a ray in the three-dimensional space. Two corresponding points in two separate images define two rays that lie in the same plane. Intersecting these two rays results in the reconstruction of a 3D point.
In this work, we carry out the task of point reconstruction in three steps. First, we compute the intrinsic parameters of the camera. Second, we find out the rotation matrix and the translation vector. Third, we compute the ray intersections to obtain 3D points.
In the ideal situation, the user calibrates the camera's intrinsic parameters using a calibration pattern before taking the images of the scene to be reconstructed. Several patternbased calibration method have been proposed, for example [9, 19] . We used a recent method suggest by Zhang [21] with a planar checkerboard pattern.
In the case that we do not have the luxury of having the user calibrate the camera beforehand, it is still possible to compute 3D structures from the images, using a technique known as autocalibration. In our implementation, we used a method due to Mendonça and Cipolla [12] . This calibration method uses only image point correspondences from which the fundamental matrices are estimated. Comparing to the bundle adjustment methods [17] , it takes less time to compute because only a few parameters are involved. In practice, we assume the skew factor to be zero and the principal point is at the center of the image. When more than two views are used, satisfactory results are obtained [15] . We usually get within 10% of the calibration parameter values obtained from using pattern-based calibration methods.
B-spline surface fitting
In this section we show that it is possible to represent a smooth surface by reconstructing only a few sparse points on it. This is achieved by fitting a B-spline surface on the reconstructed sample points. This capability is useful to interactive model building systems in which the user has to manually identify feature points and match them in different images. On the other hand, reconstructions resulting from dense stereo may contain too many points. In this case, B-spline fitting provides a compact representation of the surface.
A B-spline surface is the tensor product function given by Ë´Ù Úµ
where È is an array of´Ò · ½ µ ¢´Ñ · ½ µ control points and AE Ô ´Ùµ is the th B-spline basis function of degree Ô, 
Parameterization
A parameterization is a one-to-one mapping between a planar domain and the data points in 3-space. For B-spline, the planar domain is a rectangular area ¢ . Therefore, the process of parameterization is to find a function¨ É . For a data point É we seek a pair of parameters´Ù Ú µ ¾ , that is a point in the parameter domain.
If the data points are organized in a mesh, the inverse map¨ ½ should preserve the same mesh topology in the parameter domain. It is also desirable to minimize the shape distortions. Many techniques for mesh parameterization have been proposed, for examples [3, 4, 10] . In addition to surface fitting, parameterization is also essential to many applications such as remeshing, mesh compression, and mesh smoothing.
In our case, the 3D data points are unorganized. Ma and Kruth [11] and Piegl and Tiller [14] suggested the projection of the 3D data points to a base surface such as a Coons patch derived from the boundaries of the surface, then the parameters of the projected points on the Coons patch are used for fitting the B-spline surface.
Notice that the image of an object is a mapping between the points on the 3D surface and a planar rectangular domain. It is natural to use the images for parameterization. The problem is that we have multiple images and we need one single mapping. Therefore, we need to merge the images into a single one and use that as a parameterization.
Recall from section 2 that the images of a planar object can be related to each other by homographies. If we choose one image as the fixed image, other images that share at least four points with the fixed image can be merged to it, since a homography matrix can be computed from four corresponding points. As shown in Figure 2 , the first view and the third view can be merged into the second view by applying the homography matrices À ½¾ and À ¿¾ to them respectively.
In general, the scene under consideration is not planar and the homography is only an approximation to the transformations between images. Therefore, merging images using homography will cause distortions. But since our objective here is parameterization rather than mosaicking images for visualization, distortions are expected. 
where À Ô Õ is the homography matrix between two adjacent views. Through this kind of piecewise merging, all the visible points in all the images are transformed into a single 2D coordinate system. For each 3D point , assume it appears in Ñ images with Ù ½ Ù Ñ as its corresponding homogeneous coordinates. Let Û Ì Ù and let Û be the inhomogeneous coordinate of Û . The parameter of is computed as the average of all the transformed points: Figure 3 shows a result of a parameterization (Figure 3(b) ) from the merge of three views (Figure 3(a) ).
Least square fitting
Reorder the array of control points by row so that it be- 
Texture mapping
One of the advantages of reconstructing surfaces from multiple images is that the surfaces can be texture mapped naturally from the images. Coordinates of the image points become the texture coordinates of their corresponding 3D points. A triangle in the 3D mesh maps to a triangle in one of the images. Figure 6(a) shows an example of a texture mapping. As we can see, since there are only a small number of 3D points, the texture mapped model shows obvious artifacts.
As we have a smooth B-spline surface approximating the initially reconstructed 3D points, we can improve the texture mapping by mapping the images to a finer mesh that better approximates the true surface geometry. A hierarchy of meshes with different resolutions can be constructed by refining triangles.
For refining a triangle, we divide the longest of its edges. As shown in Figure 5 , if we want to divide the edge , we first compute its mid-point Å, and then we project Å onto the B-spline surface. The projection finds the point AE on the B-spline surface that is closest to Å. This can be done using
Newton's iteration with initial parameter values being the mid-point coordinates of and in the parameter space.
Finally, the two triangles ¡´ µ and ¡´ µ sharing the edge are replaced by four smaller triangles:
¡´ AEµ, ¡´ AEµ, ¡´AE µ, and ¡´ AE µ. 
Conclusions
We have described a method for reconstructing free-form surfaces from multiple images. Assuming surface smooth-ness, we fit B-spline surfaces to the reconstructed 3D points. In this way, complex models can be constructed using only sparse feature points. Texture mapping is greatly improved by using a smooth surface representation. The technique of using a homography for parameterizing 3D data points is both simple and efficient. This method is best suited for an interactive system in which users manually select and match a small number of feature points. It is therefore a useful extension to the current photo modeling systems.
We used projective vision techniques for camera calibration and 3D structure reconstruction. These techniques are simple to implement and in many cases provide fast linear solutions to the reconstruction problem. The linear solutions are sufficient for many applications that do not demand a high accuracy. They can also be used as initial estimations for the more accurate nonlinear iterative methods. 
